
I
p

H
D

a

A
R
R
A
A

K
B
T
C
A
v

1

p
[
t
d
[
g
w
i
p

g
p
a
i
p
t
i
K
p
o
c

0
d

Journal of Chromatography A, 1217 (2010) 6214–6229

Contents lists available at ScienceDirect

Journal of Chromatography A

journa l homepage: www.e lsev ier .com/ locate /chroma

nterpreting the difference between conventional and bi-directional
late-height measurements in liquid chromatography

ui Guo, Douglas D. Frey ∗

epartment of Chemical and Biochemical Engineering, University of Maryland Baltimore County, 1000 Hilltop Circle, Baltimore, MD 21250, USA

r t i c l e i n f o

rticle history:
eceived 10 May 2010
eceived in revised form 3 August 2010
ccepted 5 August 2010
vailable online 11 August 2010

a b s t r a c t

An experimental and theoretical study was conducted of the column characterization technique in
which plate heights determined using the conventional pulse-response method are compared with those
determined using a bi-directional method where an eluite sample is introduced into one end of a chro-
matographic column and elution occurs at the same end after the flow direction is reversed inside the
column. Experiments are presented for a micropellicular HPLC column before and after its performance
eywords:
i-directional plate-height measurement
heory of chromatography
onvective dispersion
term

has been degraded by repeated sample injections, for a low-pressure column containing nonporous
glass particles, and for an HPLC column containing particles with 300 Å pores. The results obtained are
interpreted in terms of several different theories which apply in various Fourier number ranges. It was
shown that the transcolumn contribution to convective dispersion in a chromatographic column is largely
responsible for the difference observed between conventional and bi-directional plate-height measure-

ion m
an Deemter equation ments and that a collocat
contribution.

. Introduction

A large number of past studies have investigated the transport
rocesses which determine chromatographic column performance
1–6]. The experimental and theoretical methods developed in
hese studies are useful for a variety of purposes, such as for the
esign of industrial-scale chromatographic separation processes
7], for investigating the usefulness of novel types of chromato-
raphic packing materials [8–11], for quality control procedures
hen packing chromatographic columns [12,13], and for establish-

ng the usable column lifetime as well as the success of rejuvenation
rotocols for fouled columns [14,15].

The simplest, and most widely used method to assess chromato-
raphic column performance is the measurement of the theoretical
late height as a function of the mobile phase flow rate by using
pulse-response experiment in which a small feed slug contain-

ng an eluite is injected into the column entrance, and the eluite
eak shape is then measured at the column exit. Results from these
ypes of measurements are commonly fitted to equations describ-
ng mass transfer in a particulate bed, such as the van Deemter [2] or

nox equations [3–5], in order to determine pertinent fundamental
hysical properties for the column, such as the diffusional tortu-
sity inside the packing particles and the interparticle dispersion
oefficient.

∗ Corresponding author. Tel.: +1 410 455 3418; fax: +1 410 455 6500.
E-mail address: dfrey1@umbc.edu (D.D. Frey).
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ethod can be employed to develop a useful analytical expression for this

© 2010 Elsevier B.V. All rights reserved.

One characterization method that is much less widely used than
the classical plate-height experiment described above is the bi-
directional or reversed-flow plate-height experiment in which the
flow direction is changed while the eluite of interest is inside the
column. The earliest reported version of this experiment appears
to be the method described by Eon [16] in which the flow direction
was changed several times after the eluite was injected into col-
umn, and the eluite peak shape was then measured at the column
end opposite to where the original injection was made. Somewhat
later, Kaminski [17] described a related bi-directional plate-height
method in which the eluite exited the same column end where the
injection was made. As discussed by Kaminski, this method permits
the characterization of irregularities in axial flow velocity occurring
across the column radius.

More recently, Lightfoot and co-workers [18–21] applied the
method of Kaminski to both process-scale particulate columns and
to process-scale columns consisting of a stack of adsorptive mem-
branes. These workers emphasized the usefulness of the method
for determining how well an actual column performs in compari-
son to a hypothetical column containing the same packing material,
but where perfect plug flow is achieved. Lightfoot and co-workers
also pointed out that for the columns used in their studies where
the column diameter is roughly equal to the column length, irreg-

ularities in axial flow velocity across the column radius may be
caused not only by corresponding radial irregularities in the col-
umn permeability, but also by the design of the fluid headers at the
column inlet and outlet. These workers also developed a modifi-
cation of the original method of Kaminski which decoupled these

dx.doi.org/10.1016/j.chroma.2010.08.010
http://www.sciencedirect.com/science/journal/00219673
http://www.elsevier.com/locate/chroma
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wo effects by obtaining results for presumably identically packed
olumn of various lengths.

Despite the several studies of the bi-directional pulse-response
ethod described above, relatively little work has been reported

n the theoretical basis for interpreting these types of exper-
ments, and especially for interpreting the differences in the
esults obtained for the single-directional and bi-directional pulse-
esponse experiments. In particular, although a number of studies
ave investigated the effect of radial variations in axial flow velocity
n eluite band shapes, these studies have been primarily numeri-
al studies of specific, limited cases, such as the case of a parabolic
elocity profile [16,22,23] and have not considered the effects of
adial dispersion, which is expected to be important in many prac-
ical situations. The purpose of this study therefore is to provide
onvenient analytical relations based on rigorous theory that can
e used by the typical practitioner of chromatography to interpret
esults obtained from bi-directional plate-height experiments in
wide variety of situations. In this way, it is expected that this
ork will facilitate the broader use of bi-directional plate-height

xperiments within the chromatographic community.
As mentioned above, for columns where the length is consider-

bly larger than the column diameter, the primary effect probed
y bi-directional pulse-response experiments is the variation in
xial flow velocity across the column radius caused by correspond-
ng variations in the column packing permeability. These types
f experiments therefore largely measure the so-called “transcol-
mn” contribution to the “A” term of the van Deemter or Knox
quations, which is the term corresponding to axial dispersion
nside the column. It is therefore of interest to compare results
btained here with previous studies where direct measurements
f radial variations in axial flow velocity inside chromatographic
olumns have been made [24–28], as well as previous studies of
he relative magnitudes of the various contributions to the A term
4,5,29,30] and of the overall magnitude of A term in comparison
o the other terms of the van Deemter and Knox equations [2–5].

The results of this study are expected to be of practical use
or interpreting chromatographic behavior when the A term of
he van Deemter equation yields a significant portion of the over-
ll band broadening. This situation occurs when either nonporous
articles, superficially porous (i.e., solid-core) particles, or con-
inuous polymeric monoliths are used as column packings. In
ddition, this situation occurs when low-molecular-weight ana-
ytes are employed at relatively low mobile phase flow velocities
or all types of column packings, or when the performance of a
acked column becomes degraded through extensive use by the
ovement of particles from their optimal configuration inside the

olumn. Finally, Knox has suggested that the A term may be signifi-
ant in comparison to the other terms of the van Deemter equation
nder a much wider range of conditions than previously thought
4,5], in which case the results developed here may be generally
seful in chromatographic studies.

. Theory

.1. The transcolumn contribution to convective dispersion in a
ylindrical chromatographic column where the axial fluid velocity
aries radially

In this section, several previous approaches for describing con-
ective dispersion in a chromatographic column will be described

nd extended. In this context, the term “convective dispersion” will
e used to denote the band-spreading phenomena due to the con-
ective motion of the fluid phase in the interparticle voids. Band
preading of this type has also been termed “eddy diffusion” or
eddy dispersion” by some workers. [1,4,5]. In contrast, the band
A 1217 (2010) 6214–6229 6215

spreading which occurs in the absence of convection is presumed
here to be entirely due to molecular diffusion.

As illustrated in Fig. 1, in this study the sources of convective
dispersion will be subdivided into the two main categories: (1) the
case where the velocity inequalities of interest vary on a length
scale commensurate with the column diameter, termed here the
“transcolumn” contribution to convective dispersion, and (2) the
case where the velocity inequalities of interest vary on a scale
significantly smaller than the column diameter, termed here the
“intracolumn” contribution to convective dispersion. As also illus-
trated in Fig. 1, velocity inequalities at different length scales are
able to exist due to the fact that the averaging volume used to deter-
mine the fluid velocity at one length scale may be larger than the
length scale corresponding to the smaller velocity inequality. It will
also be assumed in this section for simplicity that the particles con-
stituting the column packing are nonporous, and that there is no
adsorption of the eluite onto the particle surface, in which case all
of the eluite is located in the interparticle fluid. The case of porous
particles and an adsorbing eluite is considered in Appendix B.

2.1.1. The close-to-equilibrium regime
Convective dispersion in an empty cylindrical tube with fully

developed laminar flow and no fluid slip at walls in the “close-to-
equilibrium” regime (defined as the regime where the variation
in radial solute concentration is small compared to the average
solute concentration) was considered first by Taylor [31,32] with
later work done by Aris [33]. Subsequently, this result was extended
to flow in a packed column where the radial variation in the axial
flow velocity is of arbitrary shape by Giddings [1], Littlewood [6]
and Bischoff and Levenspiel [34]. Of these last three studies, the
simplest to apply is that of Bischoff and Levenspiel who developed
an expression for the reduced axial plate height that can be written
in the following form:

hCE =
(
dc

dp

)2
2
hr

∫ 1

0

(∫ �

0

(
uf(�′)
uf,ave

− 1

)
�′ d�′

)2
d�

�
(1)

In Eq. (1), uf,ave is the average axial interstitial fluid velocity, uf is the
axial interstitial fluid velocity at a particular radial position, hr is the
reduced radial plate height given by 2Dr/(uf,avedp) where Dr is the
radial dispersion coefficient, dp is the particle diameter, and � and �′

are dummy integration variables which represent the dimension-
less column radius given by r/Rc where Rc is the column radius. Note
that the dimensionless plate height in the close-to-equilibrium
regime, hCE, is given by HCE/dp, where HCE is the dimensional plate
height.

Consider the general nth order velocity profile in a cylindrical
column with fluid slip permitted at the column wall in the following
form:

uf = uf,cl

(
1 − arn

Rnc

)
(2)

where uf,cl is centerline interstitial fluid velocity and a is fractional
change in velocity across the radius. Note that when n is large, the
majority of the fluid velocity change takes place near the column
wall, which is a condition sometimes termed the “wall effect” (see
Fig. 2) [35–37]. For the velocity profile given by Eq. (2), uf can be
integrated across the column radius to yield the relation uf,ave = uf,cl
(n + 2 − 2a)/(n + 2). Substituting this relation into Eq. (1) and per-
forming the indicated double integration yields:( )

hCE = a2n2

2(n+ 2)(n+ 4)(2a− n− 2)2hr

dc

dp

2

(3)

Eq. (3) is a special case of Eq. (4.5-21) of Giddings [1], which
is a more general result for hCE for the case where uf is an arbi-
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ig. 1. Illustration of the transcolumn and intracolumn fluid velocity profiles insi
ontribution is shown which consists of four separate subdomains.

rary power series function of r. When n = 2, Eq. (3) simplifies to the
ollowing result for a parabolic velocity profile:

CE = a2

48(2 − a)2hr

(
dc

dp

)2

(4)
The ability of the relations developed in this section to accu-
ately represent experimental data depends to a large extent on the
ccurate representation of the plate height for radial dispersion in
orous media. Numerous studies of radial dispersion [24–28] sug-

ig. 2. The effect of n on the fluid velocity profile and the plate height. Calculations
orrespond to a = 0.02, dc/dp = 400, and hr = 0.1.
hromatographic column. For clarity only one category of intracolumn dispersion

gest that the reduced radial plate height can be expressed in terms
of the reduced velocity, defined as v = uf,avedp/Dm where Dm is the
molecular diffusion coefficient, according to the relation hr = A + B/v,
where A and B are constant. In a randomly packed column at low
flow rates, and assuming that diffusion inside the particles does
not contribute to radial mass transfer inside the column, the radial
dispersion coefficient becomes equal to the molecular diffusion
coefficient corrected for the interparticle bed tortuosity, denoted
here as � , where the tortuosity is the inverse of the so-called
obstruction factor. It then follows for this case that Dr = Dm/� , and
that at low flow velocities the radial Peclet number, defined as
Per = uf,avedp/Dr, is given by Per = v� .

Several experimental and theoretical results for Per for the case
of high flow velocities are summarized in Fig. 3, which shows
results obtained by Tallarek et al. [25] using pulsed field gradient
nuclear magnetic resonance for columns of two different particle
sizes, and limiting results at high reduced velocities obtained using
traditional pulse-response methods by Knox et al. [38], Eon [16],
and Perkins and Johnston [39]. Note that all the results just men-
tioned, except the Perkins and Johnston result, were obtained using
packed columns where the particle size and column dimensions
are representative of those typically used in liquid chromatogra-
phy. The Perkins and Johnston result, however, is a summary of
experimental data for particulate beds with particles larger than
typically used in chromatography. Also shown in Fig. 3 are the
theoretical result of Tijssen [40] which assumes a random walk pro-
cess where an eluite makes a random step in the radial direction
each time it encounters a particle in its flow path, the theoreti-
cal result of Giddings [1] based on estimating the column length
needed for two neighboring fluid elements to exchange positions
in the radial direction, and the limiting value at high reduced veloc-
ities proposed by Tijssen and by Gunn [41] as the best fit to the
existing experimental data, which is numerically equal to the Gid-
dings result. Fig. 3 also illustrates an optimal correlation proposed
in this study given by Per = 1/(1/20.4 + 0.75/v) which assumes

that the effective radial dispersion coefficient is given by the sum
of a molecular diffusion contribution corrected for the interparticle
tortuosity and a convective dispersion contribution corresponding
to a constant value for Dr. For the former contribution the values
of � suggested by Tijssen when the interparticle porosity is 0.4 and
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ig. 3. Summary of relations describing the radial Peclet number as a function of
he reduced velocity.

y Gunn were averaged, and for the latter contribution the vari-
us limiting values at large reduced velocities shown in Fig. 3 were
veraged to yield an overall optimal value. Note finally that the
ertical axis used in Fig. 3 corresponds to the value of Per, where
er = 2/hr.

.1.2. The convection-only regime
In contrast to the “close-to-equilibrium” regime discussed in

he previous section, the “convection-only” regime considered in
his section addresses the opposite situation where radial disper-
ion is absent and axial convection is the sole transport mechanism
or the eluite. Consider an infinitely thin eluite band which is ini-
ially present at the location z = 0 when t = 0, and where the mass of
luite per unit area of column cross-section, defined as m, is con-
tant across the column radius. The distance traveled by the eluite
t the location r after time t is given by z = uft. If this relation is com-
ined with the nth order velocity profile described in the previous
ection, the result can be solved for r to yield:

=
(
uf,cl − z/t
auf,cl

)1/n

Rc (5)

here by definition uf,cl ≥ z/t.
Since radial mass transfer is assumed here to be absent, the mass

f eluite present inside the column at the location r in an annular
ing of width dr at any time is 2�rmdr. This quantity is also the mass
resent in a column section of width dz provided that dz is chosen
o that it contains the same eluite fraction as the dr element just
escribed. With dz and dr related in this way, it follows that

∗
m�R

2
cdz = −2m�rdr (6)

here c∗m is the concentration of solute averaged across the column
∗ ∫ Rc 2
ross-section given by cm = 2

0
cmrdr/Rc . Eliminating r from Eqs.

5) and (6) yields

∗
m = 2m(tuf,cl − z)(2−n)/n

(atuf,cl)
2/nn

(7)
A 1217 (2010) 6214–6229 6217

For the case where t is a constant, Eq. (7) yields the eluite concen-
tration profile inside the column at a particular time. The second
central moment of the band shape in terms of its spatial dimension,
denoted as �2

z , can be determined using the relation

�2
z =

∫ zmax

zmin
�R2

c c
∗
m(z − zfm)2dz

�R2
cm

(8)

where zfm is the first absolute moment of the band shape given
by uf,avet, and the limits of integration are zmin = tuf,cl(1 − a) and
zmax = tuf,cl. Eqs. (7) and (8) can be combined and integrated to yield
�z

2, and by using the definition H = �2
z /Lc it then follows that

HCO = a2n2Lc

(n+ 1)(n+ 2 − 2a)2
(9)

Eq. (9) indicates that in the convection-only regime, the plate
height is proportional to the column length, which agrees with
experimental results obtained by some investigators under certain
specialized conditions [16]. Substituting various values of n into
Eq. (9) for n ≥ 2 indicates that HCO is relatively insensitive to the
value of n in this range. With n = 2 serving as a typical value, Eq. (9)
reduces to

HCO,n=2 = a2Lc

3(a− 2)2
≈ a2Lc

12
(10)

where the final approximate equality applies to small values of a
and results from taking the first term of a Taylor series expansion
of the central expression in Eq. (10).

The results in this section are analogous to those of Vrentas and
Vrentas [42] in their study of perturbation methods for the sim-
ple case of dispersion in an empty tube with laminar flow and
where a = 1, and to those of Yun and Guiochon [43] who applied
a numerical approach to a related problem involving nonlinear
adsorption equilibrium. Additional details of the derivations given
in this section as well as additional plate-height relations for the
convection-only regime are given by Guo [44].

2.1.3. The convection-only regime in terms of “mixing-cup”
concentrations

In the preceding section, the convection-only regime was
described in terms of plate heights determined from statistical
moments based on distances from the point of sample injection
inside the column. It is of interest to also determine the corre-
sponding relations based on the temporal concentration profile at
the column exit, since this is generally the measurable quantity in
chromatography experiments. For this purpose, it is necessary to
distinguish between the area-average eluite concentration at the
location z and time t inside the column defined previously, and
the mixing-cup average concentration, denoted here as c•m, which
is defined to be the concentration which, when multiplied by the
average fluid velocity, yields the axial eluite flux averaged across
the column cross-section at the value of z and t under consideration.
Consequently, it follows that

c•m = 2

∫ Rc

0

cmufrdr

R2
cuf,ave

(11)

Eq. (11) has a particularly simple form in the present case where,
at any location z and time t, the eluite exists at only a single radial

location r. If the fluid velocity at this location is denoted as uf, it
follows that

c•m = c∗muf

uf, ave
(12)
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Using the result for c∗m given by Eq. (7) it follows that for a
pecified value of z

•
m = 2m(tuf,cl − z)(2−n)/nz

(atuf,cl)
2/nnuf,avet

(13)

Plate heights determined from the eluite concentration profile
s a function of time at the location z, with z = Lc being the pri-
ary case of interest, can be determined by using the relation
= �2

t Lc/t2fm where

2
t =

∫ tmax

tmin
c•m(t − tfm)2dt∫ tmax

tmin
c•mdt

(14)

nd

fm =
∫ tmax

tmin
c•mtdt∫ tmax

tmin
c•mdt

(15)

n Eqs. (14) and (15), tmax and tmin are the times when the eluite con-
entration decreases to zero and increases from zero, respectively,
s given by tmax = Lc/(uf,cl(1 − a)) and tmin = Lc/uf,cl. Upon perform-
ng the calculations described above for n = 2, i.e., for a parabolic
elocity profile, it follows that

CO = Lc
a2 − (1 − a)ln(1/(1 − a))2

(1 − a)ln(1/(1 − a))2
= a2Lc

12
+ a3Lc

12
+ · · · (16)

here the expression on the right side of the second equality in
q. (16) results from taking the first two terms of a Taylor series
xpansion of the expression on the left side of that equality. Eq.
16) indicates that the plate height determined using mixing-cup
oncentrations is the same as that given by Eq. (10) for small a.

It is also of interest to investigate the eluite band shapes
bserved at the column exit as a function of time, i.e., the func-
ion c•m(t), for the convection-only regime as n is varied. Note that
has upper and lower limits of tmax and tmin, and that c•m = 0

or t > tmax and t < tmin. Fig. 4 shows the concentration profiles for
hree different values of n. Although in practice these concentration
rofiles will be distorted by the other dispersion processes tak-

ng place, the results are nevertheless enlightening. For example, it
an be seen that the concentration profile has a nearly rectangular
hape when n = 2, while the concentration profile has fronting and
ailing behavior when n = 1 and n = 3, respectively. This is consis-
ent with the observation that fronting and tailing are commonly
bserved in chromatography even when the number of plates is
arge [45].

.1.4. Extension of the Wang and Stewart theory
In addition to the “close-to-equilibrium” and “convection-only”

ases discussed above, a more general theory can be developed
ased on an extension of the result of Wang and Stewart who
nalyzed convective dispersion in steady laminar flow through an
mpty tube [46]. To accomplish this, it is useful to first define the
ourier number as � = Drt/R2

c where the characteristic time, t, is
aken to be Lc/uf,ave. Note that since the dimensional radial plate
eight is given by Hr = 2Dr/uf,ave, the Fourier number can also be
ritten as

= HrLc
2

(17)

2Rc

As described by Wang and Stewart [46], for the case of convec-
ive dispersion in a cylindrical tube, the second central moment of
n eluite band for any value of � and for any velocity profile for the
ase where the band is present initially as an infinitely thin feed slug
t the column entrance can be determinedby the following equa-
Fig. 4. Mixing-cup concentration at the column outlet for different flow profiles
in the column. The flow profile is linear when n = 1, parabolic when n = 2, and
cubic when n = 3. Conditions correspond to Lc = 25 cm, a = 0.02, m = 1 mg/cm2, and
uf,cl = 0.5 cm/s.

tion, which is based on a collocation method with two collocation
points:

�2
WS =

((
u

uf,cl

)
1

−
(
u

uf,cl

)
2

)2 (
�

4
− 1 − exp(−16�)

64

) u2
f,clR

4
c

8D2
r

(18)

where the subscripts 1 and 2 denote the collocation points. Con-
sider a quadratic profile where (u/uf,cl)i = 1 − a(r/Rc)2

i and where
i represents the two collocation points and is either 1 or 2. The
collocation points corresponding to the Gaussian nodes are [46]:(
r

Rc

)2

1
= 1

2
− 1√

2
(19)

(
r

Rc

)2

2
= 1

2
+ 1√

2
(20)

In addition, since HWS = �2
WS/Lc and, for a quadratic profile,

uf,ave = uf,cl(1 − a/2), the above equations can be combined to yield:

HWS = a2

(2 − a)2

[
R2

c
12Hr

− R4
c (1 − exp(−8HrLc/R2

c ))

96H2
r Lc

]
(21)

Note that when Lc is large, Eq. (21) reduces to HWS =
a2R2

c/(12(2 − a)2Hr) which is identical to the close-to-equilibrium
result given by Eq. (4). Conversely, when Lc is small, a Tay-
lor series expansion yields exp(−8HrLc/R2

c ) ≈ 1 − 8HrLc/R2
c so that

HWS = 0 as expected. Eq. (21) also yields the result dHWS/dLc
∣∣
Lc=0

=
a2/(3(2 − a)2), which is the same value for dH/dLc given by the
convection-only result using the first equality in Eq. (10). It is
consequently interesting to compare HCE, HCO, and HWS since the

preceding results show that HWS is asymptotic to both HCE and
HCO. Fig. 5 shows a comparison of the three theories plotted as
(2 − a)2H/a2 versus Lc for a particular choice of hr, dp, and Rc. Addi-
tional considerations related to the derivation and implications of
Eq. (21) are given by Guo [44].



H. Guo, D.D. Frey / J. Chromatogr. A 1217 (2010) 6214–6229 6219

F
o
d

d
t
r

h

F
n
r
c
�
s
E
b
b
e
t

H
t
m
p
a
c
t
t
2
t
f
t
t
o
i
H
s
i

ig. 5. Comparison of plate heights for the close-to-equilibrium (HCE), convection-
nly (HCO) and Wang and Stewart (HWS) theories. Calculations correspond to
c = 0.1 cm, dp = 10 �m and hr = 0.1.

Eq. (21) can be written in a convenient dimensionless form by
efining the dimensionless column aspect ratio as �= Lc/Rc and
he dimensionless column radius as = Rc/dp, and by replacing the
adial plate height with 2dp �/� to yield

WS = a2� 

24(2 − a)2

[
1
�

− 1 − exp(−16�)
16�2

]
(22)

urthermore, since the Fourier number is related to the radial Peclet
umber by the relation � =�/(Per ), and Per is a function of the
educed velocity, v, as shown in Fig. 3, Eq. (22) indicates that hWS
an also be written as a function of v with the quantities a,  , and
as function parameters. For the case when � > 1, the quantity in

quare brackets in Eq. (22) approaches the limiting value 1/� so that
q. (22) becomes identical to the close-to-equilibrium result given
y Eq. (4). Conversely, when � < 0.01, then the quantity in square
rackets in Eq. (22) approaches the limiting value of 8 so that this
quation becomes identical to the convection-only result given by
he first equality in Eq. (10).

It is of interest to determine how the ratios HWS/HCO and
WS/HCE depend on the quantity � since Eq. (22) indicates that

hese ratios are independent of a, �, and  . Arguably, the three
ost prevalent categories of liquid chromatography are low-

ressure process-scale chromatography, conventional-scale HPLC,
nd microscale HPLC. As a further generalization, the values of the
olumn length vary from 20 to 50 cm, from 5 to 25 cm and from 5
o 25 cm for these three scales respectively, the values of the par-
icle diameter vary from 50 to 100 �m, from 2 to 10 �m and from

to 10 �m for these three scales respectively, and the values of
he column radius vary from 10 to 100 cm, from 0.1 to 0.23 cm, and
rom 0.01 to 0.1 cm for these three scales, respectively. Assuming
hat the reduced radial plate height varies in practice from 0.05
o 0.1 as shown in Fig. 3, then Eq. (17) indicates that these vari-

us parameter ranges yield corresponding ranges in �, as shown
n Fig. 6. This figure also illustrates the relation between HWS/HCO,

WS/HCE, and �, and indicates that, as a general rule, for process-
cale chromatography the transcolumn contribution to dispersion
s in the convection-only regime, while for conventional-scale HPLC
Fig. 6. Comparison of the ratios HWS/HCO and HWS/HCE as functions of the Fourier
number. The Fourier number values characteristic of low-pressure process-scale
chromatography, conventional HPLC, and microscale HPLC are denoted by the
ranges A, B, and C, respectively.

the transcolumn contribution to dispersion can be in either the
convection-only or intermediate regimes. Fig. 6 also indicates that
for microscale HPLC the transcolumn contribution to dispersion can
be in all three regimes.

2.2. Approximate Fourier numbers for the various intracolumn
dispersion domains

In order to properly interpret results presented in the experi-
mental section of this study, it is useful to determine approximate
Fourier number values for the various intracolumn dispersion
domains by employing Eq. (17). As pointed out by Giddings [1],
the complete fluid flow pattern inside a chromatography column
can be considered as the superposition of individual domains
of various scales, with the dispersion phenomena occurring in
each domain taking place largely in an independent manner. It
therefore follows that although the results in Section 2.1.1 were
developed specifically for the transcolumn domain, they can be
applied directly to the other domains that exist. For this purpose
a dimensionless characteristic length and radius for the individual
subdomains of a particular domain can be defined asω� = ldomain/dp

and ω˛ = rdomain/dp. Using the first parameter, the Fourier number
can be related to the number of diffusional jumps, nD, defined by
Giddings [1] as follows

nD = 2ldomainDr

uf,aveω
2
˛d

2
p

= 2� (23)

Note that the second equality in Eq. (23) results from Eq. (17) and
that the expression on the right side of the first equality in Eq. (23)

is the expression given by Giddings for nD except that Dr is used in
place of Dm.

Since Per = uf,avedp/Dr, the second equality in Eq. (23) can be
rearranged to yield � = ω�/(ω2

˛Per). Although correlations for radial
dispersion analogous to the proposed optimal correlation in Fig. 3
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Fig. 7. Location of different dispersion contributions on a contour plot of the Fourier
number as a function ofω� andω˛ . A denotes the transcolumn contribution in low-
pressure process-scale chromatography, B denotes this contribution in conventional
HPLC, and C denotes this contribution in microscale HPLC. 1, 2, and 3 denote the
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ranschannel, short-range interchannel, and long-range interchannel contributions
or single subdomains, respectively, as defined by Giddings [1]. 1′ , 2′ , 3′ denote the
ranschannel, short-range interchannel, and long-range interchannel contributions
or the entire column length.

re currently not available for the various intracolumn dispersion
omains identified by Giddings, it is reasonable to expect that
ig. 3 applies at least qualitatively to these domains. Furthermore,
n most practical chromatography processes the reduced velocity
s in the range 10< v< 1000, in which case Fig. 3 implies that
0 < Per < 20, and it can therefore be expected that � ≈ ω�/(15ω2

˛),
hich represents an average value of � for the case considered here.

Fig. 7 illustrates the value of the Fourier number determined
sing the expressions just described for the transcolumn con-
ribution to convective dispersion for the different categories of
hromatographic processes mentioned earlier. This figure also
llustrates the value of the Fourier number determined similarly for
he transchannel, short-range interchannel, and long-range inter-
hannel contributions using the ranges of values for ω� and ω˛
uggested by Giddings [1]. Note that Fig. 7 shows both the Fourier

umber for the individual subdomains for each intracolumn contri-
ution and the Fourier numbers for the intracolumn contributions
orresponding to the entire column length given by the product of
he Fourier number for the individual subdomains and the num-

ig. 8. Illustration of band broadening processes inside a chromatography column
or conventional and bi-directional plate-height experiments.
A 1217 (2010) 6214–6229

ber of subdomains encountered by an eluite as it travels through
the column based on estimates of the number of subdomains
present in columns of typical lengths containing particles of typi-
cal diameters. As shown in Fig. 7, this analysis indicates that it is
reasonable to assume that the Fourier number is large for all the
intracolumn contributions to convective dispersion, and that the
close-to-equilibrium regime consequently applies to these contri-
butions.

2.3. Implication for bi-directional plate-height experiments

As discussed earlier, in a bi-directional plate-height experiment
the feed sample is initially injected into the column inlet as a thin
band. For the case where the transcolumn contribution to disper-
sion is significant, and where the convection-only regime applies
to this contribution, then as the band travels from where it was
injected to the other end of the column it becomes increasingly
“crescent shaped” as illustrated in Fig. 8. However, if the fluid veloc-
ity at each radial position everywhere in the column reverses its
direction but maintains the same magnitude when the flow direc-
tion is reversed, then this crescent shape decreases in magnitude
and eventually disappears completely after the flow direction is
reversed and the band reaches the original column entrance, as
also illustrated in Fig. 8.

For the case where the transcolumn contribution to dispersion
is in the convection-only regime and is therefore characterized by
a small Fourier number (i.e., � < 0.01), the width of the band when it
exits the column in a bi-directional plate-height experiment results
from the contribution from the original band width, the contribu-
tion from molecular diffusion, and the intracolumn contributions
to dispersion since these last contributions are generally always
characterized by large Fourier numbers (i.e., � > 1). The case where
the transcolumn contribution is characterized by moderate to large
Fourier numbers (i.e.,� > 0.01) is more complex however since, even
in the absence of molecular diffusion or an intracolumn contribu-
tion to dispersion, the radial transport that occurs in this regime
produces a local broadening of the eluite band at any given radial
position that does not become smaller when the flow direction is
reversed.

In order to develop relations for interpreting bi-directional
plate-height experiments in the moderate to high Fourier number
regime that apply to the transcolumn contribution, it is necessary
to compare theoretically the width of the entire band with the local
width of the band at the position r. By definition, the concentration
profile for a Gaussian band shape is given by

c∗m = c∗m,max exp

(
−(z − zmax)2

2�2
total

)
(24)

where �total is the standard deviation of the peak shape and zmax

is the location of the maximum value of c∗m, denoted as c∗m,max. If
˝ is the deviation from radial diffusional equilibrium defined as
˝ = cm/c∗m − 1, it follows that

cm = c∗m,max exp

(
−(z − zmax)2

2�2
total

)
(1 +˝) (25)

According to the generalized nonequilibrium theory of Giddings,
the r functionality of˝ can be determined by solving the equation
[1]

1 d d˝ d ln(c∗ )

r dr

r
dr

= (uf − uf,ave) m
Drdz

(26)

subject to the boundary conditions that d˝/dr = 0 at r = Rc and∫ Rc

0
r˝dr = 0. Note that the quantity d ln c∗m/dz in Eq. (26) is not

a function of r, and its dependence on z can be determined from
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Fig. 9. A contour plot of the eluite concentration as a function of radius
and axial position as given by Eq. (28). Conditions correspond to zmax = 5 cm,
c∗

m,max = 0.1 mg/ml, uf,cl = 0.05 cm/s, Rc = 0.1 cm, dp = 0.001 cm, hr = 0.1 and a = 0.1
for both panels. Panel A: n = 2, �total = 0.32 cm; Panel B: n = 10, �total = 0.21 cm. Red:
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a chromatographic column. In particular, Fig. 10A shows how the
.06 mg/ml < cm < 0.1 mg/ml; blue: 0.0 mg/ml < cm < 0.04 mg/ml. (For interpretation
f the references to color in this figure legend, the reader is referred to the web
ersion of the article.)

q. (25). Solving for ˝ using the above relations for the case of a
uadratic velocity profile where uf = uf,cl(1 − ar2/R2

c ) yields

= auf,cl(z − zmax)(3r4 − 6r2R2
c + 2R4

c )

48DrR2
c�

2
total

(27)

ubstituting from above yields the final result for cm as a function
f z and r as follows:

m = c∗m,max exp

(
− (z − zmax)2

2�2
total

)

×
(

1 + auf,cl(z − zmax)(3r4 − 6r2R2
c + 2R4

c )

48DrR2
c�

2
total

)
(28)

ig. 9 illustrates the two-dimensional eluite concentration profile
etermined from Eq. (28) for two different values of n and for a par-
icular selection of physical parameters as described in the figure
aption corresponding to � = 0.1.

Since radial dispersion in the presence of a radial variation in
xial fluid flow yields random walk behavior for individual eluite
olecules in the axial direction regardless of the shape of the con-

entration profile that exists for the eluite [1], it follows that the
ocal variance of the eluite band shape (i.e., the second central

oment of the band shape) in the axial direction at the location
increases in proportion to the length traveled by the eluite band
egardless of whether or not the flow direction is reversed. If the
ocal band variance at the location r is therefore written as �2

nr to
enote that it is “nonreversible” with respect to changes in the
ow direction, then the ratio �2

nr/�
2
total, where �2

total is the total
and variance considering the entire two-dimensional shape of
he band, can be interpreted as the fraction of the total variance
bserved in a conventional plate-height experiment due to the local
idth of the peak at the location r. Consequently, �2

nr/�
2
total can also

e interpreted as the ratio of variances that would be observed
hen comparing a bi-directional plate-height experiment and a

onventional plate-height experiment if the eluite travels the same
istance in both cases.

An especially simple result for �2
nr/�

2
total can be developed if it
s assumed that the shape of the eluite band at the local position
is Gaussian, in which case the value of �2

nr at a certain location r
s given by the negative of the second derivative in the z direction
f the eluite concentration at its maximum value. Applying this
A 1217 (2010) 6214–6229 6221

approach and using Eq. (28) yields the following result:

�2
nr

�2
total

= 1
2

+ 12DrR2
c�total

[a2u2
f,cl(3r

4 − 6r2R2
c + 2R4

c )
2 + 576D2

r R
4
c�

2
total]

1/2
(29)

Since �nr varies with r, the effective average value of �nr for
the eluite band must be determined by integrating Eq. (29) across
the column radius. However, since this integral does not have a
simple analytical form, and since the eluite mass concentration is
not necessarily uniform across the column radius depending on
how the sample is originally injected, it is generally preferable to
determine�nr for various radial positions, and to then average these
values as appropriate for the problem at hand. For example, for the
particular case when r = 0, Eq. (29) becomes

�2
nr

�2
total

= 1
2

+ 12DrR2
c�total

(4a2u2
f,clR

8
c + 576D2

r R
4
c�

2
total)

1/2
(30)

From the definition H =�2/L, it follows that �2
total = HLc. Combining

this result with Eq. (4) yields

�total = aRc

12

√
3Lc

Hr
(31)

If the relation Hr = 2R2
c�/Lc, where � is the Fourier number, is com-

bined with the defining relation Hr = 2Dr/uf,ave, then substitutions
using Eqs. (30) and (31) yields(
�2

nr

�2
total

)
r=0

= 1
2

(
1 +
√

3�
3� + 2

)
(32)

By using the same procedure, it follows that for r = Rc/2(
�2

nr

�2
total

)
r=Rc/2

= 1
2

(
1 +
√

127�
127� + 10

)
(33)

and for r = Rc(
�2

nr

�2
total

)
r=Rc

= 1
2

(
1 +
√

6�
6� + 1

)
(34)

The above results indicate that at most one half of the total band-
width, as measured by �2

total, is eliminated when the flow direction
is reversed in a bi-directional plate-height experiment, and that this
limit occurs when � is small. However if � is very small, then the
close-to-equilibrium mechanism used here becomes invalid, and
the convection-only mechanism applies. Consequently, to arrive
at an approximate relation that applies to all values of �, it is
reasonable to first average as appropriate the results given by
Eqs. (32)–(34) for the close-to-equilibrium regime to arrive at
a representative value for �nr characteristic of the entire eluite
band, and to then average that result with the result �2

nr = 0 that
applies to the convection-only regime using the weighting factor
HWS/HCE (or equivalently the factor 1 − HWS/HCO) which describes
the relative importance of each ideal regime in this intermedi-
ate Fourier number range (see Fig. 6). Consequently, it will be
assumed over the entire Fourier number range that �2

nr/�
2
total ≈

(HWS/HCE)(�2
nr/�

2
total)CE

, where the subscript “CE” denotes the result
assuming that the close-to-equilibrium regime applies.

In addition to describing bi-directional plate-height experi-
ments, the relations in this section can also be used to gain
additional insights into the dispersion phenomena occurring inside
local band variance varies in the radial direction inside a column
according to Eq. (29). As shown in the figure, the value of �2

nr,
or equivalently the local plate height at the location r, is a min-
imum at the column center, increases to its maximum value at
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Fig. 10. Illustration of the local band variance inside the column. Panel A shows the
variation in the local band variance as a function of r/Rc for two different Fourier
numbers, and for a parabolic velocity profile where n = 2. Panel B shows the ratio of
the local band variance at the column wall to the local band variance at the column
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enter, and the local band variance at r/Rc = 0.65 to the local variance at column
enter as functions of the parameter n in Eq. (2). The value r/Rc = 0.65 corresponds
pproximately to the maximum value of the local band variance for the range of n
alues shown.

pproximately r/Rc = 0.65, and then decreases as the column wall is
pproached. This is consistent with the experimental results of Abia
t al. [47] who, at the approximate Fourier number of 0.1 measured
ocal plate heights inside a chromatographic column and found
hat the plate height was smallest at the column center and that
he plate height increased by a factor of approximately 1.5 as the
all was approached. Similarly, Fig. 10B shows how the ratio of
2
nr at the column wall and at the column center varies when the
elocity profile is varied, as described by the value of n for two dif-
erent values of �. As illustrated in the figure, this ratio approaches
nity at large n, which is consistent with the characteristic that

arge values of n correspond to plug flow of fluid in the column
see Fig. 2A).

. Experimental

.1. Materials and chemicals

The four columns used were an in-house packed
2.3 cm × 1.0 cm I.D. Omnifit column (Bio-Chem Fluidics, Boonton,
J, USA) containing 85-�m solid glass particles obtained from
otters Industries (Valley Forge, PA, USA), an in-house packed
0 cm × 0.46 cm I.D. PEEK column (manufactured by Perseptive

iosystems, now Applied Biosystems, Foster City, CA, USA) con-
aining 7-�m solid glass particles also obtained from Potters
ndustries, a 25 cm × 0.4 cm I.D. PROPAC WAX-10 column packed

ith 10-�m nonporous polystyrene particles (Dionex, Sunnyvale,
A, USA), and a 10 cm × 0.46 cm I.D. Mono Q column packed with
A 1217 (2010) 6214–6229

10-�m polystyrene porous particles (GE Healthcare, Piscataway,
NJ, USA).

Gly-Gly-Tyr-Arg, Trp-Gly, � lactoglobulin B, Trisma base, NaCl,
HCl and fluorescene were obtained from Sigma (St. Louis, MO, USA).
All solutions were prepared by vacuum filtering using a 0.2 �m pore
size nylon membrane filter (Whatman, Sanford, ME, USA). Each
feed sample was dissolved into filtered buffer solution and then
filtered again with a PVDF syringe driven filter with 0.2 �m pore
size (Whatman, Sanford, ME, USA).

3.2. Instrument

Isocratic experiments were performed using an Ultimate HPLC
instrument (Dionex, San Francisco, CA, USA). A microbore flow cell
with a volume of 2 �l was used in order to minimize dispersion
resulting from the detector flow cell. A Rheodyne Model 9010 valve
(Rheodyne, Rohnert Park, CA, USA) was used for flow reversal. Black
PEEK tubing with 100 �m I.D. was purchased from Upchurch Sci-
entific (Oak Harbor, WA, USA). To minimize the extra-column band
broadening, the length of tubing used was made as short as possi-
ble. An Orion 520A pH meter (Orion, Beverly, MA, USA) was used
to measure the pH when making buffers.

The system dead volume and extra-column dispersion were
determined by replacing the column with a low-dead-volume
union, and then measuring both the elution time for an eluite to
pass through the system and the effluent concentration profile
of the eluite. In the conventional van Deemter experiments, the
extra switching valve was absent, and the dead volume for the
HPLC system without this valve was determined to be 18 �l. The
dead volume in the bi-directional experiments was 40 �l due to
the presence of the additional switching valve.

A Model 1666 HPLC column Slurry Packer from Alltech (now
Grace Davison, Columbia, MD, USA) was used for the high-pressure
slurry packing of columns. This instrument employs a pneumatic
amplification pump with an amplification ratio of 1:100 so that the
pressure generated by the pump is about 100 times the air pressure
applied.

3.3. Methods

The Omnifit column and the PEEK column were packed by a low-
pressure slurry packing method and a high-pressure slurry packing
method respectively. The low-pressure slurry packing method con-
sisted of first suspending the glass particles in filtered 20% (v/v)
ethanol to make a slurry, then introducing the slurry into the col-
umn held in a vertical position with the bottom frit and column
end piece installed. After an initial period of gravity settling, the
bed was then further consolidated by subjecting it to flow using
20% (v/v) ethanol at 40 bar for 4 hours. The column inlet end piece
containing the inlet frit was then attached to the column. In the
high-pressure slurry packing method, the slurry was first intro-
duced into the high-pressure slurry reservoir (manufactured by
Perseptive Biosystems, now Applied Biosystems, Foster City, CA,
USA) which was connected to the column, and the driving solvent
consisting of 50% (v/v) methanol was then pumped through the
reservoir and column at 350 bar for 3 hours using the pneumatic
amplification pump. The pump was then turned off so that the
system could be depressurized to atmospheric pressure, and the
column end fittings and frits were then quickly attached.

As described earlier, a bi-directional chromatographic setup as
shown in Fig. 11 was used to discriminate between the intracolumn

and the transcolumn dispersion contributions. The bi-directional
experiments were operated in two stages. In the first stage, dif-
ferent eluites were injected and then allowed to pass through the
column to the column midpoint as determined by comparing the
elution time with the total elution time for the eluite to travel



H. Guo, D.D. Frey / J. Chromatogr.

Fig. 11. Schematic of the bi-directional experiments. The upper 6-port valve is
the sample injection valve and the lower 6-port valve is the switching valve. The
flow direction is 1 → 6 → 3 → 2 in the loading position, and the flow direction
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s 5 → 6 → 3 → 4 in the injection position. For the forward-directional experi-
ents, the fluid travels in the path 3 → 2 → 1 → 6→ column → 4 → 5 → dector,
hile in the bi-directional experiments the fluid travels in the path
→ 4 → column → 6 → 5 →detector.

hrough the column. When the eluite reached the position of inter-
st inside the column, the direction of flow in the column was
eversed using the switching valve.

.4. Data processing

Chromeleon chromatography management software version
.6 was used together with the Ultimate HPLC system to determine
he bandwidth at the band half height and the band asymmetry fac-
or at 10% of the band height. The band shape was then assumed to
e described by an exponentially modified Gaussian (EMG) func-
ion, and the EMG-based equations described by Foley and Dorsey
48] were used to determine the number of theoretical plates and
he plate height so that peak asymmetry was accounted for.

In order to increase the accuracy of the bi-directional plate-
eight experiments, these experiments were conducted from both
nds of the column with the eluite band direction reversed when
he band was at the column midpoint. This method was considered
o be more accurate than a bi-directional plate-height experiment
onducted from a single column end since in the former method
he eluite band encounters both column end frits, and since for the
atter method it is difficult to make sure the eluite band travels the
ntire column length in both directions without some portion of
he band leaving the column, which would likely alter the band
hape. If the number of plates measured by the two bi-directional
late-height experiments each involving one half of the column

ength and each starting from opposite column ends are denoted
s N1 and N2, which are generally unequal due to axial variations in
olumn properties, then since N1 = (Lc/2)2/�2

1 and N2 = (Lc/2)2/�2
2 ,

nd since the number of plates that would be measured by a hypo-
hetical single bi-directional plate-height experiment that involved
he entire column length is given by N = L2

c/(�2
1 + �2

2 ), it follows
hat N = 4/(1/N1 + 1/N2).

As mentioned earlier, the band variance from extra-column
ources was measured by replacing the column by a low-dead-

olume union, and then determining the eluite band shape that
esults from a sample injection. This quantity was then subtracted
rom the total variance for the conventional plate-height experi-

ents so that the band broadening resulting solely from dispersion
rocesses inside the column could be determined. Experiments of
A 1217 (2010) 6214–6229 6223

this type are termed here “conventional” plate-height experiments.
However, for the case of the bi-directional plate-height exper-
iments, the extra-column band broadening was not subtracted
from the measured band variance since bi-directional experiments
were always compared only to an experiment which also incorpo-
rated the extra switching valve but where flow reversal was not
performed. These two types of experiments, termed here the “bi-
directional” and “forward-directional” experiments, respectively,
incorporated essentially the same amount of extra-column disper-
sion so that, when the band variances from these two experiments
were subtracted, the extra-column contribution effectively cancels
from the result.

In order to preserve the bed structure when reversed flow was
used in the column, bi-directional plate-height experiments were
performed at low flow rates, e.g., less than 0.15 cm3/min for a stan-
dard size HPLC column where dc = 0.46 cm. The low flow rates used
also ensured that temperature gradients inside the column pro-
duced by viscous dissipation were minimal. In particular, it has
been shown recently by Fallas et al [49] that plate heights are
affected by the temperature gradients produced by viscous dissipa-
tion inside a chromatographic column only when relatively small
particles (e.g., dp < 5 �m) are employed at high flow rates. Further-
more, because the bi-directional plate-height experiments would
have been difficult to perform in a fully thermostated system due
to the extra switching valve present and because of the need for
fluid pre-heaters at both column ends, it was judged preferable to
carry out the experiments with the column suspended in open air.
To further confirm that temperature gradients inside the column
were not a critical factor in the experiments performed, in a lim-
ited number of experiments a fan was used to blow air across the
column to alter the heat-transfer coefficient between the column
and the surrounding air. Plate heights measured under these con-
ditions were compared with plate heights measured in identical
experiments but with the column suspended in still air, and it was
determined that there was no significant difference between these
two cases.

4. Results and discussion

Fig. 12A illustrates results for a new Dionex ProPac WAX-10
column containing nonporous particles which indicate that plate
heights measured in the conventional experiment under condi-
tions of no eluite retention agree well with the most common
version of the original Knox equation with the C term for intra-
particle diffusion eliminated, as given by h = B/v + Av1/3 with A = 1
and B = 2 [3,4]. Note that at low reduced velocities the plate heights
in both the upper and lower panels in Fig. 12 decrease as the
reduced velocity increases due to the presence of molecular dif-
fusion, which is represented by the B term of the Knox equation.
Fig. 12B also indicates that the reduced plate height for the forward-
directional plate-height experiment is approximately 25% greater
than for the bi-directional experiment. Furthermore, the Fourier
number, �, determined using Eq. (17) and the proposed optimal
correlation for radial dispersion given in Fig. 3 is 0.093 when the
flow rate is 0.06 cm3/min, which corresponds to v = 7.2. From Fig. 6
it can be seen that this value for � corresponds to the interme-
diate transport regime. As discussed in Section 2.3, under these
conditions the transcolumn contribution to convective dispersion
can be determined by dividing the plate-height difference between
the forward and bi-directional experiments by factor 1 − �2

nr/�
2
total,
where �2
nr/�

2
total ≈ (HWS/HCE)(�2

nr/�
2
total)CE

, and where (�2
nr/�

2
total)CE

can be determined by averaging the three results given by Eqs.
(32)–(34).

Fig. 12A shows the theoretically predicted transcolumn plate-
height contribution calculated using Eq. (21) assuming that the
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Fig. 12. Results from conventional, forward, and bi-directional plate-height exper-
iments using a new PROPAC WAX-10 column for an unretained eluite. The feed
sample consisted of 2 �l of either 1 mg/ml tetrapeptide (Gly-Gly-Tyr-Arg) or 1 mg/ml
of � lactoglobulin B. Mobile Phase: 20 mM Tris, 0.2 M NaCl, pH 9. Dashed curves
shown are fits to the empirical Knox equation given by h = (1/A+ 1/(Dvn))−1 +
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Fig. 13. Results from conventional, forward, and bi-directional plate-height exper-
iments using the aged PROPAC WAX-10 column for an unretained eluite. The feed
/v + Cv. Bi-directional experiments were performed using the tetrapeptide. Con-

entional experiments using the tetrapeptide and � lactoglobulin B are denoted by
he open triangles and the open circles, respectively.

adial plate height is given by the proposed optimal correlation
n Fig. 3 and assuming a = 0.03, which is the best fitting value of

as determined from the difference between the forward and
i-directional experimental data in Fig. 12B. The results shown

ndicate that the transcolumn contribution to convective disper-
ion constitutes somewhat less than one half of the total amount
f eddy dispersion present. Fig. 12A also indicates that the theo-
etically predicated plate height for the transcolumn contribution
ncreases at a slower rate with the reduced velocity than the exper-
mental data. This is most likely because of either imprecisions in
he shape of the proposed correlation for Per in Fig. 3 at higher
educed velocities, or because the intracolumn contributions to
ispersion increase substantially at higher reduced velocities, pos-
ibly because of the transition from laminar to turbulent flow in
he interparticle interstices as the flow rate is increased. Finally,
t can be observed that the value of a determined in Fig. 12B cor-
esponds to the lowest range of axial velocity variations across the
olumn diameter measured directly in past studies [26], which indi-
ates that this column as supplied by the manufacturer is nearly
ptimally packed.

Fig. 13 shows results for the same column used in Fig. 12, but
fter this column was subjected to more than one thousand sample
njections over the course of one year, including a significant num-
er of bi-directional plate-height experiments where flow reversal
an be expected to adversely affect the particle bed structure in
he column. As shown in Fig. 13A, the plate heights for this “aged”
olumn are higher than those for the same column when it was

ew. The same procedure as described above was used to calculate
he transcolumn plate height, and the best fitting value of a was
etermined to be 0.1, which indicates that the radial variation in
xial fluid velocity is significantly larger in the aged Dionex column.
sample consisted of 2 �l of 1.0 mg/ml dipeptide (Trp-Gly). Mobile Phase: 20 mM Tris,
0.2 M NaCl, pH 9. Dashed curves shown are fits to the empirical Knox equation given
by h = (1/A+ 1/(Dvn))−1 + B/v + Cv.

It can also be seen in Fig. 13 that the theoretically predicted plate
heights from the transcolumn contribution using the value a = 0.1
in Eq. (21) are almost equal to the actual plate heights measured
in the conventional plate-height experiment, which indicates that
the column aging process yields a greater transcolumn contribu-
tion to the total amount of convective dispersion as opposed to an
increase in the intracolumn contributions.

Fig. 13 also indicates that the difference between the forward
and bi-directional plate-height measurements for the aged Dionex
column are greater than one half of the conventional plate-height
result. This is consistent with the calculated Fourier number of
0.093 since, according to Fig. 6, this value for the Fourier num-
ber indicates that the column is operating in the intermediate
regime and not in the close-to-equilibrium regime. According to
Eqs. (32)–(34), if the column is operated in the close-to-equilibrium
regime, then the difference between plate heights determined from
the forward and bi-directional plate-height experiments can be at
most one half of the plate height from the conventional experi-
ments.

Fig. 14 illustrates a comparison of band shapes for a
forward-directional plate-height experiment and its reverse-flow
counterpart for the case of the aged Dionex column where unre-
tained eluite conditions were employed. It can be observed in
the figure that the eluite band is narrower and more symmetrical
in the bi-directional experiment in comparison to the forward-
directional experiment. Note that the greater band asymmetry in

Fig. 14 for the forward-directional experiment is consistent with
the band shape predicted by the “convection-only” mechanism
with n > 2 as discussed in Section 2.1.3. More specifically, even
though the forward-directional result corresponds to a reasonably
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Fig. 14. Comparison between forward and bi-directional experiments, where the
d
c
t

l
m
d
b

u
g
b
b
e
e
t
c
T
d
i
l
(
v
p
i
a
N

u
T
f
u
c
i
B
e
t
a
t
0

Fig. 15. Results from conventional, forward, and bi-directional plate-height exper-
iments using the Omnifit column packed with 85 �m solid glass particles. The feed
sample consisted of 2 �l of 1 mg/ml tetrapeptide (Gly-Gly-Tyr-Arg). Mobile Phase:
20 mM Tris, 0.2 M NaCl, pH 9. Dashed curves shown are fits to the empirical Knox
equation given by h = (1/A+ 1/(Dvn))−1 + B/v + Cv.
irection of flow was reversed when the peak was halfway through the column. For
omparison purposes, the absorbance scales are different for the two results so that
he two eluite bands have the same area. Forward: ——; Bi-directional: - - - -.

arge plate number of N = 1400, the band is nevertheless asym-
etrical in shape, which suggests that the convection-only regime

escribed in Section 2.1.2 plays a significant role in determining the
andwidth.

Fig. 15 shows results from plate-height experiments performed
sing an in-house packed Omnifit column containing 85-�m solid
lass particles under conditions of no eluite retention. It can again
e observed, as in Fig. 13, that the difference in the plate heights
etween the forward and bi-directional experiments is almost
qual to the plate height obtained in the conventional plate-height
xperiments shown in Fig. 15B, which indicates that almost all
he band broadening measured in the conventional experiments
omes from the transcolumn contribution to convective dispersion.
he large difference between the results for the forward and bi-
irectional plate-height experiments is also consistent with being

n the convection-only regime, as further indicated by the relatively
ow Fourier number of 0.03 that applies, as determined using Eq.
17). Finally, by using the same procedure as described above, the
alue of a determined in Fig. 15B is 0.18 which, although a com-
aratively large value, is still within the range of values obtained

n other studies of similar types of columns where the variation in
xial fluid velocity across the column radius was determined using
MR tomography [50].

Bi-directional plate-height experiments were also performed
sing a column containing porous particles as shown in Fig. 16.
he difference observed in the reduced plate heights between the
orward and bi-directional experiments indicates that the transcol-
mn contribution to convective dispersion is also important in this
olumn, and can be quantified in a manner similar to the preced-
ng examples involving nonporous particles. As shown in Appendix
, the development given in Section 2 which assumes that all the
luite is present in the interparticle fluid also applies directly to

he case where the particles are porous and the eluite becomes
dsorbed. The Fourier number, �, for this column determined using
he same method as described above was 0.03 at the flow rate of
.06 cm3/min, which corresponds to v = 5.4. From Fig. 6 it can be

Fig. 16. Results from conventional, forward, and bi-directional plate-height exper-
iments using the GE Healthcare Mono Q column. The feed sample consisted of
2 �l of 1 mg/ml tetrapeptide (Gly-Gly-Tyr-Arg). Mobile Phase: 20 mM Tris, 0.2 M
NaCl, pH 9. Dashed curves shown are fits to the empirical Knox equation given by
h = (1/A+ 1/(Dvn))−1 + B/v + Cv.
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ig. 17. Fluorescence profile of an eluite band in an axial section of a packed column
nder UV light. The front of the band is on the right side. (For interpretation of the
eferences to color in this figure legend, the reader is referred to the web version of
he article.)

een that this value for the Fourier number corresponds to the
order between the intermediate and convection-only regimes.
ig. 16A also shows the theoretically predicted transcolumn plate-
eight contribution calculated using Eq. (21) and assuming a = 0.06,
hich is the best fitting value of a as determined from the difference

n reduced plate heights between the forward and bi-directional
xperiments in Fig. 16B. The results indicate that in the relatively
ow-reduced-velocity range considered here, the transcolumn con-
ribution to convective dispersion constitutes approximately one
alf of the total band broadening, with the remainder of the band
roadening evidently resulting from the combination of intracol-
mn dispersion and intraparticle diffusion.

In order to investigate qualitatively the two-dimensional eluite
and shape inside a chromatographic column, the fluorescent
ye fluorescene was used under nonbinding conditions to visu-
lize the band shape using an extrusion and sectioning method
imilar to that described by Kamiński [17]. More specifically, a
0 cm × 0.46 cm I.D. PEEK column was slurry packed with 7-�m
olid glass particles as described in Section 3.1. Subsequently, a
ample containing fluorescene was injected into the column and
llowed to travel 80% of the way from the inlet to the outlet using
0% ethanol as the eluent. The fluid flow was then stopped and the
xit end fitting removed. The flow was then restarted and hydraulic
ressure was used to extrude the particle bed from the column.
inally, the extruded bed was sectioned axially along its length at
he center with a razor blade, and the eluite band photographed
nder ultraviolet light. Results from this procedure are shown in
ig. 17. Although the detailed two-dimensional band shape of the
luite band in Fig. 17 is somewhat asymmetrical in appearance and
artly obscured, evidently because of the relatively simple methods
sed to obtain that figure, the image obtained nevertheless shows
ualitatively the expected “crescent” shape illustrated in Fig. 8.

The Fourier number for the conditions in Fig. 17 was determined
sing Eq. (17) to be 0.02, and from Fig. 6 it can be seen that this value
orresponds to the intermediate transport regime. Note also that
alue of �2

nr for this case determined by averaging the results from
qs. (32)–(34) for � = 0.02 is significantly smaller than the variance
ontribution that results solely from the original size the feed sam-
le volume used, which was relatively large to ensure that the band
ould be visualized. More precisely, if the 20-�l volume of the feed
ample used is converted into a corresponding length inside the
olumn, the result is L = 0.34 cm which, as shown in Fig. 17, corre-
ponds reasonably well to the local thickness of the eluite band at
ach radial position inside the column. Consequently, the qualita-
ive two-dimensional shape of the eluite band shown in the figure
s consistent with the basic assumptions underlying the theory pre-

ented in Section 2.

It is useful to compare the results given in this study with those
f Kamiński [17] and Moscariello et al. [21] who also compared for-
ard and bi-directional plate-height experiments for particulate

olumns. In particular, Kamiński found relatively little difference
A 1217 (2010) 6214–6229

between these two measurements for well-packed preparative-
scale HPLC columns. However, Kamiński also observed that the
peak shapes observed in his forward-directional experiments were
asymmetrical to some extent, and only by ignoring this asymme-
try and determining plate heights solely from the measured band
width at the band half height was it possible to obtain similar plate
heights in the two types of experiments. In contrast, in the present
study, peak asymmetry is explicitly accounted for since, as shown
in Fig. 4, some degree of asymmetry is expected in the band shape
from the transcolumn contribution to convective dispersion for the
common case where the intermediate or convection-only regimes
apply.

Moscariello et al. [21] also measured forward and bi-directional
plate-height experiments for a relatively large process-scale col-
umn, and observed a moderate difference in these measurements
similar to the results shown in Fig. 12. In addition, by perform-
ing these measurements in similarly packed columns of various
lengths, these workers concluded that the radial variations in axial
fluid velocity responsible for their experimental results was due to
fluid flow maldistribution originating in the column header. In con-
trast, in HPLC columns of the type used in the present study, radial
variations in axial fluid velocity are usually thought to result from
corresponding radial variations in the interparticle porosity inside
the column [27,51]. However, even if the source of the radial varia-
tion in axial fluid velocity is the column header (or correspondingly
the inlet frit in the case of an HPLC column) or some other local-
ized imperfection inside the column, the theoretical relations and
their interpretations described in this study are still expected to be
valid, except that the various parameters appearing in these rela-
tions, such as the parameter a defined in Eq. (2), become effective
averages for the entire column length.

It is also of interest to compare the results obtained in this study
with the results of Tallarek et al. [25,28,52] who used pulsed field,
gradient nuclear magnetic resonance (PFGNMR) to study disper-
sion phenomena in chromatographic columns packed with porous
particles. As discussed by these workers, the PFGNMR technique is
able to detect dispersion phenomena that takes place on a length
scale between 10 nm and 100 �m, in which case it is able to measure
directly the intracolumn contributions to convective dispersion as
defined in Section 2. Accordingly, the difference in the plate heights
measured by the conventional plate-height experiments and the
PFGNMR experiments by Tallarek et al. as shown in Fig. 18B is a
direct measurement of the transcolumn contribution to convective
dispersion. The same method described above was used to deter-
mine the value of a from the difference in plate heights between
the two data sets shown in Fig. 18B, and the theoretically predicted
transcolumn plate height for a = 0.04, which is the best fitting value
of a, is shown in Fig. 18A. Note that this value for a corresponds
to the value expected for a well-packed column and, similar to the
results shown in Fig. 12, the transcolumn contribution to convective
dispersion constitutes approximately one half of the total observed
band broadening.

The results of this investigation are also relevant to several past
studies which have attempted to quantify the magnitudes of the
various contributions defined by Giddings for convective disper-
sion, i.e., the transchannel, short-range interchannel, long-range
interchannel, and transcolumn contributions. In particular, in the
original work of Giddings [1], the short-range interchannel contri-
bution was predicted to dominate the other contributions except
at higher reduced velocities (v> 100) where this contribution and
the transchannel contribution were predicted to become similar in

magnitude. However, Giddings also suggested that the magnitude
of the transcolumn contribution is difficult to predict ab initio and
could be the largest contribution in many cases. In a more recent
review of past data concerning convective dispersion in chromato-
graphic columns, Knox [5] suggested that the main contribution
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Fig. 18. Data obtained by Tallerak et al. [25] for a conventional plate-height
experiment and for pulsed field gradient nuclear magnetic resonance (PFGNMR)
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of a subdomain
xperiments for the case of 10 cm × 0.44 cm I.D. column packed with 5-�m diame-
er LiChrosorb RP18 particles. The range of values spanned by the data obtained by
allerak et al. is represented as a gray band.

o convective dispersion comes from the transcolumn and tran-
channel contributions. This conclusion was largely based on the
bservation that experimental plate heights from convective dis-
ersion approach a maximum over a relatively narrow reduced
elocity range whose magnitude is consistent with that predicted
y Giddings [1] for these two contributions. The results of the
resent study are consistent with this past work and also extend
his past work by confirming that the transcolumn contribution to
onvective dispersion in many common cases dominates the other
ontributions.

. Conclusions

This study provides a quantitative foundation for interpreting
he difference between conventional and bi-directional plate-
eight experiments in terms of the various contributions to
onvective dispersion taking place inside a chromatographic col-
mn. It was demonstrated by a combined experimental and
heoretical approach that the transcolumn contribution to con-
ective dispersion inside a chromatographic column is generally
esponsible for the difference between forward and bi-directional
late-height experiments, and that this difference is observable in
wide variety of porous-particle and nonporous-particle columns.
ore specifically, results obtained in this study indicate that for
ell-packed columns, including commercially produced columns,

pproximately one half of the total convective dispersion present
s due to the transcolumn contribution, and that this fraction can
ecome even larger under certain conditions, such as for aged or

nefficiently packed columns. Furthermore, the variation in axial
uid velocity across the column radius deduced from the amount

f convective dispersion measured for this contribution was found
o be consistent with past studies where direct measurements have
een made of this variation inside chromatographic columns. Con-
equently, Eq. (21) in Section 2, or its equivalent forms written in
A 1217 (2010) 6214–6229 6227

terms of � or Per given by Eq. (22), can be considered as an improved
expression for the A-term contribution to the plate-height equation
which differs from previous expressions of this type by incorporat-
ing an explicit dependence on the ratios Lc/Rc and Rc/dp. In this
regard, it can be noted that Broeckhoven and Desmet [53] recently
developed an equation similar to Eq. (22) by employing numerical
simulations of band broadening in order to fit empirical constants
for an assumed functional form of the plate-height relation. The
present study therefore provides an experimental verification for
this past work as well as an improved theoretical basis for it.

Nomenclature

Symbols
a, a′ fractional change in velocity across the column radius
cm eluite concentration in the mobile phase
c∗m eluite concentration averaged across the column cross-

section
c•m mixing-cup concentration
Dm molecular diffusion coefficient
Dr radial dispersion coefficient
dp particle diameter
dc column diameter
g fractional change in retention factor across the column

radius
H plate height
h reduced plate height given by h = H/dp

k′ retention factor
Keq equilibrium distribution ratio
l length of an individual subdomain for a particular con-

vective dispersion contribution
Lc column length
m the mass of feed sample per unit area of column cross-

section
n nth order velocity profile
N number of plates
nD the number of movement steps due to diffusive mecha-

nism
nf the number of movement steps due to flow mechanism
Per radial Peclet number
r radial location in column
Rc column radius
t time or characteristic time
u velocity
v reduced velocity given by v = uf,avedp/Dm

z axial location in column

Greek symbols
˛ porosity of the particle bed
� tortuosity
ε intraparticle porosity
� dummy integration variable
� dimensionless column aspect ratio defined as Lc/Rc

� Fourier number defined as � = Drt/R2
c

� standard deviation of a Gaussian-shaped eluite band

 phase ratio
 dimensionless column radius given by Rc/dp

ω˛ the dimensionless radius of a subdomain given by
rdomain/dp

ωˇ fractional change in axial fluid velocity across the radius
ω� the dimensionless length of a subdomain given by
ldomain/dp

˝ deviation from radial diffusional equilibrium defined as
cm/c∗m − 1
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ubscripts
ve average

column
E close-to-equilibrium
l centerline
O convection only
omain property of a subdomain

effective average as defined in Appendix B
interparticle fluid

m first moment
ax maximum
in minimum

r not affected by flow direction
time

otal total amount
S Wang and Stewart

axial distance
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ppendix A. Relation between Eq. (4) and the Giddings
ispersion theory

If the fractional change in the axial fluid velocity in the
omain of interest (i.e., the transcolumn, transchannel, short-range

nterchannel, or long-range interchannel domain) is defined as

ˇ = auf,cl/uf,ave =�u/uf,ave, then the result given by Eq. (4) for the
late height in the close-to-equilibrium regime for n = 2 can be
eneralized to any domain and rewritten as

CE =
ω2
ˇ
ω2
˛uf, aved

2
p

96Dr
(A.1)

q. (A.1) can be compared with the following result given by Gid-
ings [1] for this same case, termed the “diffusive mechanism” plate
eight, which is based on the qualitative application of random
alk theory to a velocity profile specified by the parameterωˇ (see

q. (2.10-6) of Ref. [1]):

D =
ω2
ˇ
ω2
˛uf,aved

2
p

2Dm
(A.2)

The large disparity in the numerical factors in the denomina-
ors of Eqs. (A.1) and (A.2), and the fact that Eq. (A.1) employs the
adial dispersion coefficient while Eq. (A.2) employs the molecular
iffusion coefficient, is notable and evidently results from the qual-

tative approach used to develop the latter equation. It can also be
een in this regard that Eq. (A.1), but with Dm substituted for Dr, is
quivalent to the result for n = 2 given by the generalized nonequi-
ibrium theory of Giddings (see Eq. (4.5-22) of Ref. [1]) and that the
ifference between Eqs. (A.1) and (A.2) has been previously noted
y Giddings (see Section 2.12 of Ref. [1]) and by Tijissen (see Section

I.E.4e of Ref. [40]).
In order to develop a complete theory of dispersion for each

omain of interest, Giddings [1] combined the diffusive result given

y Eq. (A.2) with a “flow mechanism” result based on the assump-
ion that an eluite makes a random distance step in the z direction
f length ldomain�u/uf,ave with respect to the average position of
he band each time the eluite travels between the individual sub-
omains for each type of dispersion contribution. The final result
A 1217 (2010) 6214–6229

obtained by Giddings on this basis can be written as:

h = 1

1/(ω2
ˇ
ω�) + 2/(ω2

ˇ
ω2
˛v)

(A.3)

Eqs. (A.1) and (A.3) can be compared for the particular case of
the transcolumn contribution to dispersion by incorporating the
proposed optimal correlation for radial dispersion given in Fig. 3 in
the former equation, and by using the approximation ω� = 20ω2

˛
suggest by Gidddings [1] in the latter equation. These substitutions
yield the following two results:

h =
20ω2

ˇ
ω2
˛

1 + 40/v
(A.4)

and

h =
0.21ω2

ˇ
ω2
˛

1 + 15.5/v
(A.5)

where Eqs. (A.4) and (A.5) apply to the Giddings random walk
theory as just described and the theory developed in this study,
respectively. A comparison of Eqs. (A.4) and (A.5) indicates that the
most significant discrepancy in the two results is that the maximum
values of h at large values of v differ by two orders of magnitude,
so that the two results yield very different values of ω2

ˇ
for a given

value of ω2
˛ when fitting the same experimental data.

Appendix B. Extension of theory to the case where ε > 0 and
k′ > 0

The development in Section 2 applies specifically to the case of
a nonporous particle and an unadsorbed eluite where k′ = 0, where
k′ =
Keq. Note that Keq is the equilibrium distribution ratio and 
 is
the phase ratio given by (1 −˛)(1 − ε)/(˛+ (1 −˛)ε) where ε is the
intraparticle porosity and ˛ is the interparticle porosity. The case
for a porous particle where ε> 0 and k′ > 0 can be addressed by first
observing that the relation between the radial Peclet number and
the reduced velocity given in Fig. 3 is independent of the values of
k′ and ε provided that the eluite within the exterior surface of a
porous particle has no net radial or axial motion inside the column.
This follows from the fact that when k′ > 0 and ε> 0, Per is evaluated
as uedp/Dr,e, where the subscript “e” denotes the effective mole
average value of a quantity. If the portion of the eluite within a
particle has no net motion, then

ue = uf

(1 + (1 − ˛)ε/˛)(1 + k′)
(B.1)

and

Dr,e = Dr

(1 + (1 − ˛)ε/˛)(1 + k′)
(B.2)

so that uedp/Dr,e = ufdp/Dr = Per.
The relations developed in Section 2 for the various transport

regimes can be extended mutatis mutandis to the case where ε> 0
and k′ > 0 by assuming that the eluite portion outside the particles
moves at the axial velocity uf and is subject to a radial dispersion
coefficient equal to Dr, while the eluite portion inside the particles
is again assumed to be motionless, and then replacing the fluid
velocity used in the relations in that section with the mean velocity
of the eluite. Consequently, uf in Section 2 can be replaced by the

average eluite species velocity ue given above, and the parameter
a employed in Section 2, which is re-named a′ here, can be defined
as ue = ue,cl(1 − a′rn/Rn). If, in addition, the radial variation in ue is
attributed to simultaneous radial variations in uf and k′, and if nth
order functions are assumed for these variations, it follows from
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q. (B.1) that

e = uf,cl(1 − arn/Rnc )
(1 + (1 − ˛)ε/˛)(1 + k′

cl(1 − grn/Rnc ))
(B.3)

f the right side of Eq. (B.3) is expanded in a Taylor series in r assum-
ng k′ � 1, and if the terms in this series above the second order term
re ignored, the result can be written as

e ≈
[

uf,cl

(1 + (1 − ˛)ε/˛)(1 + k′
cl)

]
(1 − (a− g)rn/Rnc ) (B.4)

here the quantity in square brackets in Eq. (B.4) is ue,cl. It can
herefore be seen that a′ ≈ a − g, which indicates that when k′ � 1
ractional changes in uf across the column radius have the same
ffect on the plate height as an equivalent fractional change in
′, and that the two effects are additive. A similar conclusion was
rrived at by Giddings [54] in his development of the general form
f Eq. (3) given in Section 2.1.1 (see the discussion of Eq. (30) in Ref.
54]).
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